The feedback vertex number τ (G) of a graph G is the minimum number of vertices that can be deleted from G such that the resultant graph does not contain a cycle.
Introduction
In this paper, we consider simple, finite, undirected graphs only, and refer to [2] for undefined terminology and notation. For a graph G = (V (G), E(G)), the order and size are |V (G)| and |E(G)|, respectively. We denote the order and the size of G simply by |G| and ||G||, respectively. For a vertex v, the degree of a vertex v, denoted by d G (v), is the number of edges which are incident with v in G, and the neighborhood of v, denoted by N G (v), is the set of the vertices adjacent to v in G.
For a set X ⊆ V, let G − X be the graph obtained from G by removing vertices of X and all the edges that are incident to a vertex of X. The subgraph G − (V (G) \ X) is said to be the induced subgraph of G induced by X, and is denoted by G [X] . We call X is a feedback vertex set of G if G − X is a forest. The feedback vertex number of G, denoted by τ (G), is the cardinality of a minimum feedback vertex set of G. The order of a maximum induced forest of G is denoted by f (G). It is clear that τ (G) + f (G) = |G|.
So, determining the feedback number of a graph G is equivalent to finding the maximum induced forest of G, proposed first by Erdős, Saks and Sós [5] . Some results on the maximum induced forest are obtained for several families of graphs, such as planar with high girth [4, 7] , outerplanar graphs [12, 21] , triangle-free planar graphs [23] . The problem of determining the feedback vertex number has been proved to be NP-complete for general graphs [17] . However, the problem has been studied for some special graphs, such as hypercubes [6, 22] , toroids [20] , de Bruijn graphs [27] , de Bruijn digraphs [26] , 2-degenerate graphs [3] . A review of results and open problems on the feedback vertex number was
given by Bau and Beineke [1] . Graphs whose drawings can be viewed as approximations to the famous Sierpiński triangle have been studied extensively in the past 25 years, see a recent survey [11] for the collection of the results and the related works. We follow the notation there. For an integer k, let N k be the set of all integer not less than k. In particular, N 1 is denoted simply by N. For an integer p ∈ N, let P = {0, 1, . . . , p − 1}. For convenience, let
[n] = {1, . . . , n} for an integer n ∈ N. Let P n be the set of all n-tuples on P .
Definition 1. ( [11])
For two integers p ≥ 1 and n ≥ 0, the Sierpiński graph S n p is given by V (S n p ) = P n , E(S Definition 2. ( [11] ) For two integers p ≥ 1 and n ≥ 0, the generalized Sierpiński triangle graphŜ n p is obtained by contracting all non-clique edges (with the form {sij l , sji l } for distinct i, j ∈ P and l ∈ [n], s ∈ P n−l ) from the Sierpiński graph S n+1 p , Sierpiński-type graphs have many interesting properties, see [8] for its plnarity, [19] for crossing number, [9, 14, 18, 28] for its various coloring, [10, 29] for various distance, [15] for the global strong defensive alliances, [16] for the hub number, [24, 25] for enumeration of matchings and spanning trees.
The main topic of the paper focus on the feedback vertex number of Sierpiński-type graphs. In Section 2, we show that τ (S n p ) = p n−1 (p − 2). In Section 3, we show that
. In Section 4, we present an upper bound for the feedback vertex number ofŜ n p for any p ≥ 4. Some other relevant results are presented as well.
Sierpiński graph
In this section, we determine the exact value of feedback number of Sierpiński graph 
Proof. By induction on n.
the result then follows. Next assume that n ≥ 2 and X is a minimum feedback vertex set of S
A 2-element set Y ⊆ P m−1 for an integer m ∈ {2, . . . , n} is said to be pairable if Y = {sa, sb}, where s ∈ P m−2 and {a, b} ∈ P 2
. In this case, let head(Y ) = s. Further, we define
where C 1 (Y ) = {saa, sab, sba, sbb} and C 2 (Y ) = {sk(k − 1), sk(k + 1)| k ∈ P \ {a, b}}, and k − 1, k + 1 are taken modulo p. In general, a set Y ⊆ P . By our definition,
It is clear that the set of the heads of these p sets is {s i a| a ∈ P }. Moreover, by our assumption, since s i = s j for distinct integers i, j, s i a = s j b for any a, b ∈ P (even when a = b). This proves the lemma.
In what follows, for an integer m ≥ 2 and a pairable set
Proof. First of all, since Y 1 = {1, 2} is a pairable set, by Lemma 2.2, Y 2 is pairable. By the definition,
Note that head(Y 2 ) = {0, 1, . . . , p − 1} = P and |Y 2 | = 2p. One can see that S 
Thus
Proof. Suppose not, and let y 1 ∈ Y m1 and y 2 ∈ Y m2 with y 1 y 2 ∈ E(S m p ). By the definition of Y m1 and Y m2 , there exist blocks {s 1 a, s 1 b} and {s 2 c, s 2 d} of Y m−1 such that y 1 ∈ C 1 ({s 1 a, s 1 b}) and y 2 ∈ C 2 ({s 2 c, s 2 d}), where s 1 , s 2 ∈ P m−2 and a, b, c, d ∈ P . Recall that
(y 2 ) = {s 2 (k −1)k}∪{s 2 kc| c ∈ P \{k −1}}, y 1 ∈ {s 1 aa, s 1 ab, s 1 ba, s 1 bb}, and y 1 y 2 ∈ E(S m p ), we have ({s 2 (k−1)k}∪{s 2 kc| c ∈ P \{k−1}})∩{s 1 aa, s 1 ab, s 1 ba, s 1 bb} = ∅. It follows that s 1 = s 2 . Moreover, since Y m−1 is pairable, the heads of different blocks are distinct. So, {s 1 a, s 1 b} = {s 2 c, s 2 d} and thus {a, b} = {c, d}. Now rewrite N S m p (y 2 ) = {s 1 (k − 1)k} ∪ {s 1 kc| c ∈ P \ {k − 1}}, where k ∈ P \ {a, b}.
Proof of this case is completely similar to that of Case 1.
is a linear forest with at most two components. If {s j a j , s j b j } is another block of Y m−1 , then
, and let S = {s| s ∈ P m−2 and there is
. The result then follows.
In [11] , two kinds of regularization of Sierpiński graphs were introduced.
Definition 3. ( [11])
For p ∈ N and n ∈ N, the graph + S n p is defined by Corollary 2.7. For two integers p ≥ 2 and n ≥ 1, Proof. If p = 2, + S n p is a cycle, and thus τ ( + S n p ) = 1. Now let us consider the case when
. On the other hand, let Y n be the set as in the proof of Lemma 2.
the result follows.
Proof. By the definition of 
).
Sierpiński triangle graph
A class of graphs that often has been mistaken for and also been called Sierpiński graphs can be obtained from the latter by simply contracting all non-clique edges. We will call them Sierpiński triangle graphs. Let T := {0, 1, 2} andT := {0,1,2}. Denote the vertex obtained by contracting the edge {sij n−v+1 , sji n−v+1 } by s{i, j}. Then the vertex set of S n 3 can be written as
}.
Further, we simply replace each vertex s{i, j} by sk, where k = 3 − i − j. So, (ii) for n ≥ 0,Ŝ n 3 has a minimum feedback vertex set A n such that |A n ∩ {0,1,2}| = 1,
Proof. By induction on n. For convenience, let a n = τ (Ŝ , there exists a minimum feedback vertex set A n−1 ofŜ n−1 3 containing the vertex0. To prove a n ≤ 3a n−1 − 1, let V i n = {ia| a ∈ V n−1 } for each i ∈ T , where 00 =0, 11 =1, and 22 =2; 01 = 2 = 10, 02 = 1 = 20, and 21 = 0 = 12 (see Fig. 5 for an illustration).
One can see that
we define an isomorphism f j betweenŜ n−1 3
and jŜ n−1 3
as follows: for n ∈ {0, 1, 2} with the property (ii)
It can be checked that A n is a feedback vertex set ofŜ n 3 with
So, a n ≤ 3a n−1 − 1. Next we prove a n ≥ 3a n−1 − 1. Let A n be a minimum feedback vertex set ofŜ Hence, |A i n | ≥ a n−1 . Note that |A n | = 2 i=0 |A i n | − |A n ∩ {0, 1, 2}|. If |A n ∩ {0, 1, 2}| ≤ 1, then a n = |A n | ≥ 3a n−1 − 1. Assume that |{0, 1, 2} ∩ A n | = 2, and without loss of generality, let {1, 2} ⊆ A n . By induction hypothesis (i), |A 0 n | ≥ a n−1 + 1. Hence a n ≥ a n−1 +1+a n−1 −1+a n−1 −1 = 3a n−1 −1. If |{0, 1, 2}∩A n | = 3, by induction hypothesis (i), |A j n | ≥ a n−1 +1 for each j ∈ {0, 1, 2}. Hence a n ≥ a n−1 +1+a n−1 +1+a n−1 +1−3 = 3a n−1 .
This proves (iii).
Let A n be the set constructed as ( * ) in the proof of (iii). By ( * * ) and (iii), A n is a minimum feedback vertex set with0 ∈ A n and1 ∈ A n ,2 ∈ A n (for an illustration, see Fig. 6 ). This proves (ii).
To prove (i), suppose that X n is a minimum vertex set ofŜ . Hence, |X i n | ≥ a n−1 . Note that
n | ≥ a n−1 for each j ∈ {0, 1, 2}. Hence a n ≥ a n−1 + a n−1 + a n−1 = 3a n−1 , contradicting (iii). If |{0, 1, 2} ∩ X n | = 1, by induction hypothesis (i), |X j n | ≥ a n−1 + 1 for some j ∈ {0, 1, 2}. Thus a n = |X n | = 2 j=0 |X j n | − 1 ≥ (a n−1 + a n−1 + a n−1 + 1) − 1 = 3a n−1 , contradicting (iii). If |{0, 1, 2}∩X n | = 2, then at least two of |X 1 n |, |X 2 n |, |X 3 n | are greater or equal to a n−1 +1. Thus a n = |X n | = 2 j=0 |X j n |−2 ≥ (a n−1 +a n−1 +1+a n−1 +1)−2 = 3a n−1 , contradicting (iii). If |{0, 1, 2} ∩ X n | = 3, by induction hypothesis (i), |X j n | ≥ a n−1 + 1 for each j ∈ {0, 1, 2}. Hence a n ≥ a n−1 + 1 + a n−1 + 1 + a n−1 + 1 − 3 = 3a n−1 , contradicting (iii). This proves (i).
Finally we prove (iv). Since a 0 = 1 and by (iii), we have τ (Ŝ
. Moreover, by
4 Generalized Sierpiński triangle graphŜ n p for p ≥ 4
By Definition 2, for p ∈ N and n ∈ N 0 , the generalized Sierpiński triangle graphŜ n p is obtained by contracting all non-clique edges from the Sierpiński graph S n+1 p . We denote the vertex obtained from contracting the edge {sij n−v+1 , sji
}, whereP = {k | k ∈ P }, and
The Sierpiński triangle graphsŜ 
If p is odd,
In view of Section 3, it remains to consider the case when p ≥ 4. 
, if p is even
Proof. Let V n = V (Ŝ n p ) and iB * n = {ib| b ∈ B * n } for each i ∈ P , where iî =î and iĵ = jî = {i, j}, B * n ⊆ V n will be defined recursively in terms of the parity of p as follows. Case 1. p is even.
It is easy to see thatŜ , and further
By the definition above, one can see that
2 ] is depicted in red color in Fig. 7) .
] is a path of order 2 n−1 p + 1 joiningŝ andŝ + 1,
paths of order
n ] is a linear forest. Proof. By induction on n. First we prove the statements hold for n = 3. Since B *
proving (i). ] is a linear forest, proving (iv). Now assume that n ≥ 4 and the statements are true for smaller value of n. Since
Now we prove (ii). SinceŜ
This proves (i). Claim 2. For any n ≥ 3,
Now we prove (ii). By induction hypothesis (ii),Ŝ
Proof. Since B * n = j∈P jB * n−1 \ A and s 1ŝ2 = s 2ŝ1 = {s 1 , s 2 }, we have
By Claim 1 and Claim 2, if n ≥ 3,Ŝ n p has an induced forest of order
It is easy to see thatŜ
s ] is path of length 2p connectingŝ andŝ + 1. For any k ≥ 3, we define some subsets of V k as:
, and further
With the slight difference to the case when p is parity, we define some more subsets of V k as follows.
is path of order p connecting (p − 1){0, 1} andp − 1. Let
2 ] is a linear forest (see Fig. 8 forŜ 
proving (i).
The proof of (ii) and (iii) is completely similar to that of (ii) and (iii) for the case when p is even.
To prove (iv), we first consider the case when 3 ≤ k ≤ n − 1. Since 
